A weakly nonlinear oscillator of natural frequency wo and damping ratio 6 is driven by an amplitudemodulated force of dimensionless amplitude E, carrier frequency w, and modulation frequency wl. Each of (w -co)/ w0, ol/wo, and 6 is 0(E2/3) as E --0. The response in this resonant neighborhood is a slowly modulated sine wave, the envelope of which is described by three first-order, autonomous, ordinary differential equations. This envelope, which is periodic for 6>> E2/3, is chaotic in certain ranges of (Cwoo)/lo and to/lio if 6/E2/3 is sufficiently small.
1. Introduction p = P(p, q), q = Q(p, q) + cos 0, 6 = fl, [2.2a,b,c] I consider a weakly nonlinear, weakly damped oscillator that is driven near resonance by a slowly modulated force. This system, which models the combined effects of resonance, amplitude modulation, and nonlinearity and is significant in a variety of physical contexts, may be described by a pair of first-order nonautonomous ordinary differential equations (ode) or, by regarding the modulation phase as a dependent variable, three autonomous ode, the smallest number of such equations (with regular excitation) that admits chaotic solutions (ref. 1, p. 383 ).
The oscillator is described by the Duffing equation
x + 28coix + o2X(1 + Ix2) = Eco2cos(colt + 6O)cos cot, [1.1] where x = x(t) is a dimensionless generalized displacement; x_ dx/dt; coo is the natural frequency for free oscillations of small amplitude; 8 is the corresponding ratio of actual to critical damping; p. is a measure of the cubic nonlinearity; E is a small dimensionless amplitude, and co, col, and 60 are the carrier frequency, modulation frequency, and phase constant.
Nonlinearity is unimportant in the limit E -* 0 except in the resonant domain defined by 8, (co2 -c0o/co, c1/coo = Q(6V3) and x = O(E1/3). The response in this domain is a slowly modulated sine wave, the carrier of which may be removed by Van der Pol's transformation to obtain two first-order nonautonomous ode for the quadrature amplitudes, p and q, of the envelope. The asymptotic (t f cc) solutions 
Numerical Results
The ode 2.2 were integrated numerically (using an AdamsBashforth routine with a round-off error of <10-4) to determine p(r) and q(T) with a, 13, and ft as parameters. The typical initial conditions were po = q= :-= 0, although some departures from these null conditions were explored. It was determined that (as expected) chaotic solutions are possible only for small a and that the 13-f domain of chaotic motion decreases with increasing a. No chaotic solutions were obtained for a > 1/2.
The power spectra of N-point runs of p and q were determined through a fast-Fourier-transform program according and similarly for Q(fk), where fk = kIT and rn = nA are the discrete dimensionless frequency and time, A is the increment of T, Tn NA is the length of the run (0 < T < T), and
is the window (or taper) function, normalized to a rms value of unity. The interval and duration were chosen such that (ft/21r)A = 3.2-m and (ft/2ifr)T = 3-2n with m = 8 and n = 6 (except for ft = 0.1, for which m = 9 and n = 5) to ensure that the Fourier components ofp and q with frequency ft and the harmonics and subharmonics (if any) thereof would appear as lines in the spectrum (actually, each discrete harmonic in the spectrum comprises three spectral points in consequence of the side bands associated with the window function). The Nyquist frequency is (2m/3)(ft/21r). It was found that the only significant effect of smoothing the spectra by averaging over as many as 17 adjacent values offk was to broaden the discrete lines; the spectra presented here are unsmoothed.
Results for 1 << 1. Some p-q trajectories and the corresponding power spectra for ft = 0.1 are described in Table 1 and shown in Fig. 1 . (The initial interval 0 < T . 40 has been omitted in all p-q plots.) The motion for a = 1 is regular and periodic, with significant odd harmonics but no identifiable even or subharmonics, and the trajectory is an S-shaped loop with two crossings. As a decreases to moderately small values, this loop spreads out and the ends are transformed to spirals; however, the motion for a = 1/4 remains regular, and the spectrum resembles that for a = 1 but with stronger harmonics. As a decreases, the spirals become increasingly important and the motion for sufficiently small a becomes chaotic, although the periodic components remain. The trajectory for a = 0.025 and 13 = 1 appears to lie on a strange attractor of Lorenz type (ref. 1, pp. 57-59 and 392-395).
The limit ft -* 0 is considered in the Appendix. The hy- Phase-plane trajectories (q vs. p) and power spectra (L e logojP + iQf vs. F 2 irf/fI) for a = 1/4, X = 2, and fI = 0.5, 0.5 (Po = qO = 2), 0.72 (po = qO = 2), 0.75, 0.9, 1.0, 1.05 (po = qO = 2), 1.10, 1 .12 (Po = qO = 2), and 1.35. but then E(o) is triple valued and does not have a continuous lower branch for 0 c xr, and the excursions from the centerline are much larger and appear to reflect, at least in part, the discontinuities at the knees of E(8).
Results for a = 1/4 and f3 = 2. A sequence of p-q trajectories and the corresponding power spectra for a = 1/4 and ,8 = 2, with fl as the control parameter, selected from a series of 25 runs covering 0.1 c 0 c 8.0 with various initial conditions, is shown in Fig. 2 . The solutions for fl < 0.5 and > 1.25 (not shown in Fig. 2 ) are of the periodic form 3.1; they comprise weak (two orders of magnitude below the fundamental) but significant third harmonics and weaker harmonics of order 5, 7, ....
Transient chaos begins to appear at fl . 0.5 and to persist throughout the range 0.5 < f < 0.75 for at least some initial conditions. A trajectory for fi in this range tends either to a stable inner orbit (the counterpart of the stable orbits for f < 0.5) after an initially chaotic motion or to jump between such an inner orbit and an outer orbit (or orbits) of much larger energy; see, e.g., the trajectories for fl = 0.5, 0.72, and 0.75 (the inner orbit for fl = 0.5 is occupied after a rather brief transient for po for the determination of (po, qO) and a pair of linear ode with 6-dependent coefficients for the determination of (pl, q1).
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